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Abstract 
The dynamic modeling and simulation of spatial rigid-multi-body systems with lubricated 
spherical joints is the main purpose of the present work. This issue is of paramount importance 
in the analysis and design of realistic multibody mechanical systems undergoing spatial motion. 
When the spherical clearance joint is modeled as dry contact; i.e., when there is no lubricant 
between the mechanical elements which constitute the joint, a body-to-body (typically metal-to-
metal) contact takes place. The joint reaction forces in this case are evaluated through a 
Hertzian-based contact law. A hysteretic damping factor is included in the dry contact force 
model to account for the energy dissipation during the contact process. The presence of a fluid 
lubricant avoids the direct metal-to-metal contact. In this situation, the squeeze film action, due 
to the relative approaching motion between the mechanical joint elements, is considered 
utilizing the lubrication theory associated with the spherical bearings. In both cases, the intra-
joint reaction forces are evaluated as functions of the geometrical, kinematical and physical 
characteristics of the spherical joint. These forces are then incorporated into a standard 
formulation of the system’s governing equations of motion as generalized external forces. A 
spatial four bar mechanism that includes a spherical clearance joint is considered here as 
example. The computational simulations are carried out with and without the fluid lubricant, 
and the results are compared with those obtained when the system is modeled with perfect joints 
only. From the general results it is observed that the system’s performance with lubricant effect 
presents fewer peaks in the kinematic and dynamic outputs, when compared with those from the 
dry contact joint model. 
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1. Introduction 
The main objective of this study is to present a general and comprehensive 
methodology for modeling and simulating of realistic spherical joints with clearances 
under the framework of multibody systems methodologies. The motivation for this 
research work comes from current interest in developing mathematical and computational 
tools for the dynamics of multibody systems in which the effects of clearance, surface 
compliance, friction and lubrication in real joints are taken into account [1-6]. These 
phenomena can be included in a multibody system with a spherical joint, and in many 
applications the function of the mechanical systems strongly depends on them. Typical 
examples are the spherical joints of a vehicle steering suspension and the artificial hip 
implants. In the vehicle example, either due to the loads carried by the system or 
misalignments that are required for their operations, real spherical joints must be 
lubricated or include bushing elements, generally made with metals or polymers. By using 
rubber bushings, a conventional mechanical joint is transformed into a joint with 
clearance allowing for the mobility of the over-constrained system in which it is used [7, 
8]. In the example of artificial hip articulations, some amount of clearance is always 
necessary to allow the assembly of the femoral head and acetabular cup and to facilitate 
the system’s operation. Hip implants are in fact the most typical application of lubricated 
spherical joints in which the knowledge of the clearance size and external load are of 
great importance for their dynamic performances. Most of the available literature on this 
subject is mostly formulated on the tribological level, in the measure that the geometrical 
properties (e.g., clearance size) of the hip implants are not considered as variables. The 
kinematic (e.g., angular velocities) and dynamic (e.g., applied forces) characteristics of 
the hip elements are also assumed to be constant in most of the studies [9-11]. 
Nevertheless, these quantities vary during any daily human activity. 
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Mechanical joints of any industrial machine allow the relative motion between the 
components connected by them. Due to the manufacturing tolerances, wear or material 
deformation, these joints are imperfect and have clearances. These clearances modify the 
dynamic response of the system, justify the deviation between the numerical and 
experimental measurements, and eventually lead to important deviations between the 
projected behavior of the mechanisms and their real outcome. The attenuation of the 
impact response and of vibration characteristics in industrial machines can be obtained by 
including, in their design, a selection of joint clearance. The imperfect joints with direct 
contact between the involved parts generally use lubrication to minimize the energy 
dissipation. Therefore, appropriate tribological models must be devised in the framework 
of their application in general mechanical systems. 
On the subject of clearance and lubrication joints, research works mostly deal with 
planar multibody systems. Dubowsky and Freudenstein [12] formulated an impact pair 
model to predict the dynamic response of an elastic mechanical joint with clearance. In 
their model, springs and dashpots were arranged as linear spring-damper type Kelvin-
Voigt model. Dubowsky [13] showed how clearances can interact dynamically with 
machine control systems to destabilize and produce undesirable limit cycle behavior. 
Earles and Wu [14] employed a modified Lagrange’s equation approach in which 
constraints were incorporated using Lagrange multipliers in order to predict the behavior 
of rigid-body mechanism with clearance in a journal-bearing. The clearance in the 
journal-bearing was modeled by a massless imaginary link, but the simulation was 
restricted to the range of motion that starts when the contact between the journal and the 
bearing is terminated. Grant and Fawcett [15] proposed a method to prevent contact-loss 
between the journal and bearing. Their experimental results verified the approach for a 
limited class of systems, however, the method is not universal [16]. Townsend and 
Mansour [17] modeled a four bar crank-rocker mechanism with clearance as two sets of 
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compound pendulums in a theoretical study. The motion in contact mode was ignored 
entirely in this study, a close succession of small pseudo-impacts was assumed for the 
simulation. Subsequently, Miedema and Mansour [18] extended their previous two-mode 
model, for the free-flight and impact modes, to a three mode model in which a follower or 
continuous mode was proposed. In their numerical simulations, the follower mode was 
always assumed to occur immediately after the impact mode; however, this is frequently 
not observed in practice. Haines [19] derived equations of motion that describe the 
contributions at a revolute joint with clearance but with no lubrication present. Bengisu et 
al. [20] developed a separation parameter for a four-bar linkage which was based on a 
zero-clearance analysis. The theoretical results were compared with the experimental 
results and showed a qualitative agreement.  
More recently, Feng et al. [21] developed an optimization method to control the 
change of inertia forces by optimizing the mass distribution of moving links in planar 
linkages with clearances at joints. Orden [22] presented a methodology for the study of 
typical smooth joint clearances in mechanical systems. This proposed approach takes 
advantage of the analytical definition of the material surfaces defining the clearance, 
resulting in a formulation where the gap does not play a central role, as it happens in 
standard contact models. Other researchers also included the influence of the flexibility of 
the bodies in the dynamic performance of mechanical systems besides the existence of 
gaps in the joints [23-25]. Dubowsky and Moening [26] obtained a reduction in the 
impact force level by introducing flexibility of the bodies. They also observed a 
significant reduction of the acoustical noise produced by the impacts when the system 
incorporates flexible bodies. Kakizaki et al. [27] presented a model for spatial dynamics 
of robotic manipulators with flexible links and joint clearances, where the effect of the 
clearance is taken to control the robotic system. 
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Almost all the aforementioned studies on the dynamic performance of multibody 
systems with real joints are only valid for two dimensional systems. Liu et al. [28] 
developed a simple contact force formulation of the spherical clearance joints in 
multibody mechanical systems, using the distributed elastic forces to model the compliant 
of the surfaces in contact. Flores et al. [29] also presented a methodology to assess the 
influence of the spherical joint clearances in spatial multibody systems. Both of these 
approaches are only valid for the case of dry contact between the socket and the ball.  
Thus, the present work deals with the dynamic modeling and analysis of spatial multibody 
systems with lubricated spherical joints. This paper extends previous authors’ work [29] 
to include the lubrication action into the spherical joints. In a simple way, the intra-joint 
forces developed at the dry and lubricated spherical joints are evaluated as functions of 
geometrical, kinematical and physical properties of the joint elements. For these purposes, 
two different approaches are employed. For the dry contact situation, the joint contact-
impact forces are computed by using a continuous constitutive contact force law based on 
the Hertz theory. The energy-dissipative effect associated with the contact-impact process 
is included by a hysteresis-type damping term. For the case in which a fluid lubricant 
exists between the joint elements, the squeeze lubrication action is modeled employing 
the hydrodynamic lubrication theory. The aim here is to evaluate the resulting forces from 
the given state of position and velocity of the spherical bearings. For both cases, the joint 
reaction forces are introduced into the equations of motion as external applied forces [30-
36]. Finally, results for a spatial four bar mechanism with a lubricated spherical clearance 
joint are presented to discuss the main assumptions and procedures adopted throughout 
this work. 
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2. Kinematics of spherical joints 
In order to characterize the real joints, it is necessary to develop a mathematical 
model for spherical clearance joints in the multibody mechanical systems. In standard 
multibody models, it is assumed that the connecting points of two bodies, linked by an 
ideal spherical joint, are coincident. The introduction of the clearance in a spherical 
joint separates these two points and the bodies became free to move relative to one 
another. A spherical joint with clearance does not constrain any degree-of-freedom 
(DOF) from the system like an ideal spherical joint. In a spherical clearance joint, the 
dynamics of the joint is controlled by contact-impact forces which result from the 
collision between the connected bodies. Thus, this type of joint can be called as force-
interaction-joint, since it deals with force effects rather than the kinematic constraints. 
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Figure 1. General configuration of a spherical clearance joint in a multibody system. 
Figure 1 depicts two bodies i and j connected by a spherical joint with clearance. 
A spherical part of body j, the ball, is inside of a spherical part of body i, the socket. The 
radii of socket and ball are Ri and Rj, respectively. The difference in radius between the 
socket and the ball defines the size of radial clearance, c=Ri–Rj. The centers of mass of 
bodies i and j are Oi and Oj, respectively. Body-fixed coordinate systems ξηζ are 
attached at their centers of mass, while XYZ represents the global inertial frame of 
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reference. Point Pi indicates the center of the socket, while the center of the ball is 
denoted by Pj. The vector that connects the point Pi to point Pj is defined as the 
eccentricity vector, which is represented in Fig. 1. Note that, in real systems, the 
magnitude of the eccentricity is typically much smaller than the radius of the socket and 
ball [37]. 
In what follows, some of the most relevant kinematic aspects related to the spherical 
clearance joint are presented. As displayed in Fig. 1, the eccentricity vector e, which 
connects the centers of the socket and the ball, is given by, 
 P Pj i= −e r r  (1)  
where both Pjr  and Pir are described in global coordinates with respect to the inertial 
reference frame [30], 
 'P Pk k k k= +r r A s ,     (k=i,j) (2)  
The magnitude of the eccentricity vector is evaluated as, 
 Te = e e  (3)  
The magnitude of the eccentricity vector expressed in the global coordinates is written 
as [30], 
 2 2 2( ) ( ) ( )P P P P P Pj i j i j ie x x y y z z= − + − + −  (4)  
and the time rate of change of the eccentricity in the radial direction, that is, in the 
direction of the line of centers of the socket and the ball is, 
 
( )( ) ( )( ) ( )( )P P P P P P P P P P P Pj i j i j i j i j i j ix x x x y y y y z z z ze
e
− − + − − + − −
=
& & & & & &&  (5)  
in which the dot denotes the derivative with respect to time. 
A unit vector n normal to the collision surface between the socket and the ball is 
aligned with the eccentricity vector, as observed in Fig. 2. Thus, it can be stated that 
 
e
= en  (6)  
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Figure 2 illustrates the situation in which the socket and the ball bodies are in contact, 
which is identified by the existence of a relative penetration, δ. The contact or control 
points on bodies i and j are Qi and Qj, respectively. The global position of the contact 
points in the socket and ball are given by [30], 
 Q Qk k k k kR′= + +r r A s n ,     (k=i,j) (7)  
where Ri and Rj are the socket and ball radius, respectively. 
The velocities of the contact points Qi and Qj in the global system are obtained by 
differentiating Eq. (7) with respect to time, yielding, 
 Q Qk k k k kR′= + +r r A s n&& & &,     (k=i,j) (8)  
Let the components of the relative velocity of contact points in the normal and 
tangential direction to the surface of collision represented by vN and vT, respectively. 
The relative normal velocity determines whether the bodies in contact are approaching 
or separating, and the relative tangential velocity determines whether the bodies in 
contact are sliding or sticking [38]. The relative scalar velocities, normal and tangential 
to the surface of collision, vN and vT, are obtained by projecting the relative impact 
velocity onto the tangential and normal directions, yielding, 
 [( ) ]Q Q TN j i= −v r r n n& &  (9)  
 ( )Q Q TT j i N Tv= − − ≡v r r v t& &  (10)  
where t represents the tangential direction to the impacted surfaces. 
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Figure 2. Penetration depth between the socket and the ball during the contact. 
 
From Fig. 2 it is clear that the geometric condition for contact between the socket 
and ball can be defined as, 
 e cδ = −  (11)  
where e is the magnitude of the eccentricity vector given by Eq. (3) and c is the radial 
clearance size. It should be noted that here the clearance is taken as a specified 
parameter. When the magnitude of the eccentricity vector is smaller than the radial 
clearance size, there is no contact between the socket and the ball, and consequently, 
they can freely move relative to each other. When the magnitude of eccentricity is larger 
than radial clearance, there is contact between the socket and ball, being the relative 
penetration given by Eq. (11). The contact problem studied within the framework of 
multibody systems formulations can be divided into two main phases, namely (i) the 
contact detection and (ii) the application of an appropriate contact force law. The contact 
detection is the procedure which allows to check whether the potential contacting surfaces 
are in contact or not. For multibody systems this analysis is performed by evaluating, at 
each integration time step, the gap or distance between contacting points. When this 
distance is negative it means that the bodies overlap, and hence in these situations, the 
distance is designated as penetration or indentation. In realty, the bodies do not penetrate 
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each other, but they deform. In computational simulations the penetration is related to the 
actual deformation of the bodies. On the other hand, in the second phase of the contact 
modeling problems, the application of the contact law deals with the use of an appropriate 
constitutive law relating the penetration and the contact forces necessary to avoid the 
inter-penetration of the contacting bodies. In other words, the contact force can be thought 
of penalizing the pseudo-penetration, and hence this approach is commonly denominated 
as penalty method. 
Finally, when the space between the ball and socket is filled with a lubricant, the 
joint becomes a spherical joint with lubrication action, whose kinematic are aspects 
similar to those for the spherical joint with clearance. The only difference is that the 
relative radial velocity expressed by Eq. (8) leads the lubricant squeeze action when there 
is no contact between the ball and socket walls.  
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3. Dynamics of spherical joints 
The main issues related to the dynamics of spherical joint with dry clearance 
and lubrication are presented in this section. Hence, the dry contact and lubricant 
forces are formulated in the framework of multibody systems methodologies. In both 
cases, the forces developed at the spherical joints are introduced into the system’s 
equations of motion as external generalized forces. 
When there is no lubricant in the joint, an internal impact takes place in the 
system and the corresponding impulse is transmitted throughout the multibody 
system. Contact-impacts of such occurring within a spherical clearance joint, are one 
of the most common types of dynamic loading conditions which give rise to 
impulsive forces, and in turn excite higher vibration modes and affect the dynamic 
characteristics of the mechanical system. For a spherical joint with clearance, the 
contact between the socket and the ball can be modeled by the well known Hertz 
contact law [39], 
 nNF Kδ=  (12)  
where K is the generalized stiffness constant and δ is the relative normal deformation 
between the spheres. The exponent n is set to 1.5 for the cases where there is a parabolic 
distribution of contact stresses, as in the original work by Hertz. The parameter K is 
dependent on the material properties and the shape of the contact surfaces. For two 
spheres in contact, the generalized stiffness coefficient is a function of the radii of the 
spheres i and j and the material properties as [40], 
 
1
24
3( )
i j
i j i j
R R
K
σ σ R R
⎡ ⎤
= ⎢ ⎥+ +⎢ ⎥⎣ ⎦
 (13)  
where the material parameters σi and σj are given by, 
 
21 k
k
k
σ
E
ν−= ,     (k=i,j) (14)  
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and the quantities νk and Ek are the Poisson’s ratio and the Young’s modulus associated 
with each sphere, respectively. Hertz contact law given by Eq. (12) is a pure elastic 
model, i.e., it does not include any energy dissipation. Lankarani and Nikravesh [41, 42] 
extended the Hertz contact law to include energy loss due to internal damping as 
follows, 
 ( )
23(1 )1
4
n r
N
cF K δδ
δ
−
⎡ ⎤−= +⎢ ⎥
⎣ ⎦
&&  (15)  
in which the generalized parameter K is evaluated by Eqs. (13) and (14) for sphere to 
sphere contact, cr is the restitution coefficient, δ  is the relative penetration velocity and 
)(−δ  is the initial impact velocity. 
It is known that in some applications of multibody systems, the spherical joints 
are designed to operate with some lubricant fluid, and hence, the space between the 
socket and ball surfaces is filled with a lubricant. The pressure level generated in the 
lubricant act to keep the socket and ball surfaces apart. Additionally, the film formed by 
the lubricant reduces friction and wear, and provides load capacity and adds damping to 
dissipate undesired mechanical vibrations.  
In a broad sense, dynamically loaded spherical joints can be classified into two 
main groups, namely the squeeze-film action and the wedge-film action [43-50]. The 
first group refers to the situations in which the ball does not rotate significantly about its 
center, rather the ball moves along some path inside the socket boundaries. The second 
group deals with cases for which the ball has significant rotation, typical of very high-
speed rotating machinery. In a spherical joint, the squeeze-film action is dominant when 
the relative rotational velocity between the ball and the socket is small compared to the 
relative radial velocity. When the relative rotational velocity is high, the wedge-film 
effect must also be taken into account. In the methodology presented in this study, the 
squeeze-film effect is the only lubrication action considered. This phenomenon results 
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from the two approaching spherical surfaces as the lubricant experiences normal 
pressures.  
One method to evaluate the forces that develop at the spherical joints due to the 
squeeze-film effect is to use the Reynold’s equation. Pinkus and Sternlicht [51], among 
others, have presented a detailed derivation of the Reynold’s equation, which can be 
extended from the Navier-Stokes’ equation. The Reynold’s equation involves viscosity, 
density and fluid thickness as main parameters. The Reynold’s equation, in general, can 
be used to evaluate the ball trajectory inside the socket for an external applied load. 
However in the present work, instead of knowing the applied load, the relative ball-
socket motion characteristics are known from the multibody system dynamics and the 
fluid force from the pressure distribution in the lubricant is the quantity that has to be 
determined. 
A simple alternative way to evaluate the lubrication forces developed in a 
spherical joint with lubricant is to equate the pressure flow to the pressure that results 
from displacement associated with the geometric configuration of the spherical joint 
elements. The configuration considered here is of a hemispherical seat which, owing to 
symmetry, has a cross section identical to that of Fig. 3.  
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Figure 3. Generic representation of a spherical lubricated joint with squeeze-film. 
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Based on fundamental principles, Pinkus and Sternlicht [51] demonstrated that, 
for a spherical joint with lubricant, the amount of fluid that passes a conical element 
surface is given by, 
 
3π sin
6
i
i
R h dpQ
R d
θ
µ θ
= −  (16)  
where Ri is the ball radius, h represents the thickness of the film lubricant, µ is the 
dynamic lubricant viscosity, θ is the angular coordinate and p is the pressure. The 
negative sign of Eq. (16) reflects the fact that the fluid flows down the pressure 
gradient. This is a characteristic of a fully developed pressure or Poisseuille pressure, 
i.e., it represents the flow of the fluid from regions of higher pressures to the regions of 
lower pressures [46, 47]. In addition, from the geometry of a spherical joint the fluid 
film thickness can be expressed as follows, 
 (1 cos )h c ε θ= −  (17)  
in which the eccentricity ratio, ε, is given by, 
 e
c
ε =  (18)  
with e and c being the magnitudes of the eccentricity and radial clearance, respectively. 
On the other hand, based on the geometry of Fig. 3, the flow at any angle θ due 
to the radial velocity, e&, is expressed as [51], 
 2 2siniQ eRπ θ= &  (19)  
where e& is the velocity of the ball center that is responsible for the squeeze-film action, 
i.e., /e dh dt=& . This parameter can be evaluated by differentiating Eq. (4) with respect 
to time. Equation (19) corresponds the total flow rate through the spherical joint, and 
hence, it represents the amount of fluid that flows through the joint and is required to 
ensure a desired fluid thickness equal to h. 
Thus, for the flow continuity, combining Eqs. (16)-(19) results the general 
expression for pressure gradient dp as follows, 
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 3 3
6 sin
( / ) (1 cos )i i
edp d
c R R
µ θ θ
ε θ
=
−
&
 (20)  
Then, the pressure distribution in the lubricated spherical joint can be obtained if 
Eq. (20) is integrated with an appropriate set of boundary conditions. In this particular 
issue, it is important to point out the two main types of boundary conditions are usually 
considered in the integrating process of Eq. (20). Equation (20) can be integrated either 
in the entire domain or half domain. These two types of boundary conditions, associated 
with the pressure field, correspond, respectively, to Sommerfeld’s and Gümbel’s 
boundary conditions [47]. In the later case, the pressure field is integrated only over the 
positive part by setting the pressure in the remaining portion equal to zero. In fact, the 
complete or full film does not take into account the cavitation phenomenon and, 
consequently, contemplate the existence of negative pressures. This case is however not 
realized in many applications due to the fluid incapacity to sustain significant sub-
ambient pressures. In short, the following boundary conditions of the lubricant flow are 
used in the present study [51], 
 ( π / 2) 0p ± =  (21)  
Thus, the pressure distribution can be obtained by integrating Eq. (20) and 
considering the boundary conditions of Eq. (21), yielding, 
 3 2
3 1 1
( / ) (1 cos )i i
ep
c R R
µ
ε ε θ
⎡ ⎤
= −⎢ ⎥−⎣ ⎦
&  (22)  
Finally, the resulting squeeze FS film force on the ball, which should be applied 
to equilibrate the fluid pressure, can be evaluated as the integral of the pressure field 
over a hemisphere, that is, 
 
/ 22
0
2π sin cosS iF R p d
π
θ θ θ= ∫  (23)  
from which,  
 3 3 2
6π 1 1 1ln(1 )
( / ) (1 ) 2
i
S
i
eRF
c R
µ ε
ε ε ε ε
⎡ ⎤
= − + −⎢ ⎥−⎣ ⎦
&  (24)  
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In short, this illustrates that the squeeze lubricant forces at any instant of time 
can be evaluated in terms of the instantaneous eccentricity and relative radial velocity, 
as well as the constant parameters of the fluid viscosity, joint clearance and the ball 
radius. The direction of the squeeze force is collinear with the line of centers of the 
socket and ball, which is described by the eccentricity vector in Eq. (1). Thus the 
squeeze force can be introduced into the equation of motion of a multibody system as 
generalized forces, with the socket and ball centers as points of action for the force and 
reaction force, respectively. It is important to note that for high speed rotating 
machinery the lubricant viscous effect due to rotation also needs to be considered and 
included in the analysis. One possible methodology that must be followed to account for 
both wedge-film and squeeze-film effect is the one proposed by Goenka [44]. This, 
work presents the details of the Reynold’s equation for the more general lubricated 
circumstances of a spherical joint with lubrication. Then, in a similar manner the 
resulting lubrication force in both radial and tangential directions developed should be 
introduced into the equations of motion of the mechanical system under analysis. 
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4. Results and discussion 
In this section, an application example is used to assess the effectiveness of the 
proposed methodologies for modeling spherical joints in a multibody mechanical 
system in spatial motion. A four bar mechanism, depicted in Fig. 4, is selected for the 
study and for which a non-ideal spherical joint exists between the coupler and rocker 
bodies [52, 53]. In the present study, this particular joint is modeled as clearance joint 
with and without lubricant. The remaining revolute and spherical joints are considered 
to be ideal joints. Due to the existence of a joint clearance, the system has a total of five 
degrees of freedom. In order to keep the analysis simple, the bodies are assumed to be 
rigid. The numbers of the bodies and their corresponding local coordinate systems are 
illustrated in Fig. 4. The geometrical and inertial properties of the bodies that constitute 
the four bar mechanism are listed in Tab. 1. 
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Figure 4. Schematic representation of the spatial four bar mechanism, which includes a 
non ideal spherical joint between the coupler and rocker. 
 
 
Table 1. Geometrical and inertial properties of the spatial four bar mechanism. 
 
Body Nr. Length [m] Mass [kg] Moment of inertia [kgm
2] 
Iξξ Iηη Iζζ 
2 0.020 0.0196 0.0000392 0.0000197 0.0000197 
3 0.122 0.1416 0.0017743 0.0000351 0.0017743 
4 0.074 0.0316 0.0001456 0.0000029 0.0001456 
 18 
In the dynamic simulation of this four bar mechanism, the system is released 
from rest corresponding to the initial configuration illustrated in Fig. 4. Furthermore, 
initially the socket and the ball centers are coincident. The acceleration due to gravity is 
taken as acting in the negative Z-direction. Hence, the dynamic behavior of the system 
is affected by the potential energy associated with the heights of centers of mass of all 
bodies. The main parameters used for the computational simulations of the system with 
ideal, dry and lubricated spherical joints and for the numerical methods required to 
solve the system dynamics are presented in Tab. 2. 
 
Table 2. Parameters used in the dynamic simulation of the spatial four bar mechanism. 
 
Nominal socket radius 10.0 mm 
Nominal ball radius 9.8 mm 
Radial clearance 0.2 mm 
Restitution coefficient 0.9 
Poisson’s ration 0.3 
Young’s modulus 207 GPa 
Lubricant viscosity 400 cP 
Baumgarte stabilization parameters – α, β 5 
Integrator algorithm Gear 
Integration time step 0.00001 s 
 
In what follows, dynamic and kinematic results are presented and analyzed with the 
intent to demonstrate the performance of the four bar mechanism described above. This 
performance is quantified by plotting the reaction forces that develop at the spherical 
clearance joint and the relative motion between the socket and ball produced during the 
overall system’s motion. When the spherical joint is modeled as dry joint, the intra-joint 
forces are evaluated by using Eq. (15), while for the case of lubricated model the 
reaction forces are computed by employing Eq. (24). In addition, the positions, 
velocities and accelerations of the rocker link in the Z-direction are also presented. 
Finally, the system’s behavior is studied by the plots of some phase space portraits, 
namely those that relate the rocker velocity and rocker position, and the rocker 
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acceleration to the rocker velocity. The global results are compared with those obtained 
when the system is modeled with ideal joints only. The system’s response with perfect 
joints is in accordance with the outcomes available in the literature [52]. 
The joint reaction forces that are developed at the spherical joints for the dry and 
lubricated models are plotted in Fig. 5, from which it can be observed that the dry joint 
model produces higher peaks. This is due to the fact that the socket and ball surfaces 
undergo successive direct collisions with each other and the impulsive forces associated 
with this type of contact are transmitted throughout the system. The presence of fluid 
lubricant between the socket and ball surfaces avoids this situation and acts like a 
damper element, which ultimately causes lower peaks in the joint reaction forces. In this 
case, the joint elements are apart from each other owing to the squeeze-film action. The 
difference in the relative positions of the socket and ball surfaces for the dry and 
lubricated spherical models is quite visible in the charts of Fig. 6. For the dry model, a 
period of impacts is immediately followed by rebounds, after which the ball tends to be 
in a continuous or permanent contact with the socket surface. In this phase, the relative 
deformation varies in the circumferential direction. In turn, the case of lubricated 
spherical model, the ball surface never reaches the socket due to the opposed action of 
the fluid, as observed in Fig. 6(b). In the present example, the radial clearance size is 0.2 
mm. 
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Figure 5. Joint reaction forces developed at the spherical clearance joint: (a) Dry joint 
model; (b) Lubricated joint model. 
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Figure 6. Eccentricity evolution with time: (a) Dry joint model; (b) Lubricated joint 
model. 
 
 
Figure 7 shows the Z-component for the position, velocity and acceleration of 
the center of mass of rocker, for both dry and lubricated joints models. By observing 
Figs. 7(a) and 7(d), it can be concluded that the position accuracy of the four bar 
mechanism is significantly affected by the way the joint is modeled. This system is 
particularly sensitive to the spherical joint model because it does not include any 
external drivers other than the gravitational effect supplied to the system. Again, the 
levels of the impacts that take place at the dry clearance joints are quite visible in the 
jumps of the velocity and acceleration diagrams. Figure 7 also indicates that the four bar 
mechanism with dry spherical joint produces significantly larger velocities and 
accelerations on the system than those observed from the lubricated model. The 
system’s response for the spherical lubricated case tends to be closer to the ideal 
situation since the presence of the fluid lubricant acts as a vibration absorber.  
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Figure 7. Z-position, Z-velocity and Z-acceleration of the rocker center of mass: (a)-(c) 
Dry joint model; (d)-(f) Lubricated joint model. 
 
In order to better study the nonlinear nature behavior of the four bar mechanism, 
two phase space portraits for different joint models are developed and presented in Figs. 
8(b) and 8(e). The systems response tends to be highly nonlinear for the dry case, since 
the relation motion between the socket and ball can change from free flights to impact 
and continuous contact. This causes a more complex and denser aspect in the phase 
space portraits, which is a clear and strong indicator of chaotic behavior. Once again, 
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the system response with lubricated joint, Figs. 8(c), (f), exhibits is closer to the case of 
ideal joints due to the fact that the fluid action acts like a filter by reducing the level of 
peaks due to severe dry impacts. This phenomenon is visible by the simpler and less 
chaotic plots of the phase space portraits. 
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Figure 8. Phase space portraits for different joint models: (a)-(c) Z-rocker velocity 
versus Z-rocker position; (d)-(f) Z-rocker acceleration versus Z-rocker velocity. 
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Figure 9 shows the influence of the clearance size on the system’s response for 
the case of dry contact model. The plots are those of the Z-rocker velocity. In this 
particular analysis, four clearance sizes are considered, namely, 0.2, 0.15, 0.1 and 0.075 
mm. As it was expected, the system’s response tends to converge to the case of ideal 
when the clearance size is decreased. This observation is logical since the level impacts 
that occur between ball and socket surfaces tend to become lower for the small 
clearances. This type of analysis can be useful in the design of mechanical system, 
namely in what concerns to the selection of the proper clearance size for the joints. 
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Figure 9. Influence of the clearance size on the Z-rocker velocity of the four bar 
mechanism: (a) c=0.2 mm; (b) c=0.15 mm; (c) c=0.1 mm; (d) c=0.075 mm. 
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It must be noted that from a physical point of view, the system’s response 
dependens on the material properties involved in the contact process. Figure 10 shows 
the plots of the he Z-rocker velocity for two different values of restitution coefficient, 
namely 0.9 and 0.5. By analyzing the plots of Fig. 10, it can be observed how the Z-
rocker velocity is affected by the values of restitution coefficient. The rebounds are at 
lower levels when the restitution coefficient decreases. Lower value for the coefficient 
of restitution corresponds to higher level of energy dissipation in the contact process, as 
it is evident in Fig. 10b.  
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Figure 10. Influence of the restitution coefficient on the Z-rocker velocity of the four 
bar mechanism: (a) cr=0.9; (b) cr=0.5. 
 
One important issue associated with the modeling and simulation of any 
multibody system is its computational efficiency. This is particularly relevant when the 
systems include contact-impact events, such as in the case of realistic joints. For the 
topics studied in the present work, it is convenient to relate them with the necessary 
computational effort. For the data listed in Tab. 2, and for analyses for the ideal case, 
dry contact and lubricated spherical joints, the computation times for the simulations 
were 47s, 67s and 540s, respectively. In case of ideal joints it is necessary to evaluate 
the functions associated with the kinematic constraints, which involves an iterative 
procedure to solve them. When the joint is a dry clearance model, the constraints are 
eliminated and the contact forces are the only quantities to be computed, which is a 
straightforward task. In this case, when there is no contact, there is no force to be 
evaluated. Finally, for the case lubricated joints, the lubrication forces that are always 
acting on the system have to be calculated at each time step, and hence the computation 
time is the largest. 
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5. Conclusions 
The main objective of the work presented in this paper is to contribute to the 
improvement of the methodologies dealing with the analysis of realistic spatial 
multibody systems, which include imperfect or real joints. These are joints in which the 
effects of clearance and lubrication are taken into account in the multibody systems 
formulation. The methodology developed here incorporates the contact-impact forces 
due to the collisions of the bodies that constitute the spatial spherical clearance joints 
into the equations of the motion that govern the dynamic response of the multibody 
mechanical systems. A continuous contact force model is utilized which provides the 
intra-joint due to dry contact and lubrication forces that develop during the normal 
operations of the mechanisms. The effect of lubrication in spherical clearance joint is 
considered by the squeeze film providing pressure or force in the radial joint direction. 
Thus, a suitable model for spherical clearance joints is embedded into the multibody 
systems methodology. The methodology is easy and straightforward to implement in a 
computational code because resultant forces due to the fluid action are in explicit forms. 
As application, a spatial four bar mechanism was considered here with a 
spherical clearance joint. The system was driven by the gravitational effects only. The 
positions and velocities of the mechanical system with clearance modeled with dry 
contact and with lubrication were compared to those from system with ideal joints. The 
existence of a non-ideal joint in the system significantly increases the amount of 
dissipated energy. Furthermore, the fluid lubricant acts as a nonlinear spring-damper in 
so far as lubricated spherical bearing absorbs some of the energy produced by the 
rocker. The lubricant introduces effective stiffness and damping to the four bar 
mechanism, which plays an important role in the stability of the mechanical 
components.  
Finally, it should be highlighted that the results presented in this paper represent 
an upper bound of the joint reaction forces and rocker kinematics due to the existence of 
realistic joints, since the elasticity of the links was not included in the analysis. This 
effects tends to reduce the joint reaction forces and rocker kinematics. Using the 
methodologies presented in this paper, the effects of clearance and lubrication in 
spherical joints can be effectively studied. 
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